Introduction
For a positive integer m, let ζ ιη denote a primitive m-Üi root of unity. By φ we roean the Euler φ-function. In this paper we prove the following theorem. For m even, the ring Z [ζ,,,] has class number one if and only if φ(ηι) ^ 20 or m -70, 84 or 90, see [6] . So there are exactly thirty non-isomorphic rings Z[C,"] which admit unique factorization. If certain generalized Riemann hypotheses would hold, then all these thirty rings would be Euclidean for some function different from the norm map [9] .
THEOREM. Let φ (m)
<
l . The general measure and Euclid's algorithm
In this section K denotes an algebraic number field of finite degree d over Q, and K R is the R-algebra K ® Q R. Following Gauss [2; p. 395] we define the general measure μ : K R -> R by the sum ranging over the d different R-algebra homomorphisms σ: K R -> C, (cf. [1] ). It is easily seen that μ is a positive definite quadratic form on the R-vector space K R .
Let R be a subring of K which is integral over Z and has K äs its field of fractions. Then R is a lattice of maximal rank d in K K . The fundamental domain F with respect to ,R is defined by
This is a compact subset of K K which satisfies 
(l 4) PROPOSITION Ifd is a mahle boundfor F, then R is Euchdean for the norm
Proof Let xeK be arbitrary, we have to exhibit an element ye R for which N(x-y) < l Usmg (l 1) we reduce to the case xeF. Then μ(χ) ^ d, since d is a bound for Γ If the mequahty is strict, then N(x) < l by (l 2), and we can take y = 0 If the equahty sign holds, then μ(χ) = μ(χ-ΐί) = d for some root of umty ue R, since d is usable We get
If at least one strict mequahty holds, then we can take y = 0 or y = u If both equahty signs hold, then
Cydotomic fields
In the case when K = Q(C m ) and R = 2[ζ, η ] for some integer wj > l, we write μ, η , F," and c," insiead of μ, F and c, respectively. The function Tr", : Q^m) R -> S denotes the natural extension of the trace Q(£,") -* Q. The field automorphism of Q(Cm) which sends C," to C,,," 1 extends naturally to an R-algebra automorphism of Q(C m ) R , which is called complex conjugation and denoted by an overhead bar. For xeQ(C") R , we have
Note that a similar formula holds for arbitrary K, if complex conjugation is suitably defined. Taking / = 0 we find that (1/e) Tr (x) is an element of F" n Q(Q for which ί Since c' is a usable bound for F", there is a root of unity u e Z[£"] such that Applying (2.3) with y = u we get μ η (χ-α) = //",(*) = e 2 .c', which proves that e 2 .c' is a usable bound for F m .
Without proof we remark that the equality sign holds in (2.2) if m and n are divisible by the same primes.
Since c 1 = \ is a usable bound for F 1} we conclude from (2.2) that \4>(m) is a usable bound for F"" for any m. If φ (m) ^ 4, then it follows that φ (m) is a usable bound for F m , and that Z[£,"] is Euclidean for the norm, by (1.4). This gives us exactly the cases m = l, 3, 4, 5, 8, 12 which were already known. In §4 we will obtain better results by applying (2.2) to a prime divisor n of m.
A compulation in linear algebra
Let n > 2 be an integer, and let V be an (n-l)-dimensional R-vector space with n generators e u l < z < «, subject only to the relation "Σ e, = Q. The positive definite quadratic form q on V is defined by iW= Σ C*,-*,) 2 , for x=i*,e,eK. The subgroup L of F generated by {e, | l < i < n} is a lattice of rank n-l in K The fundamental domain
E = {xeV lq(x)^q(x-y)
for all yeL} If this is >0 for somey and some choice of the sign we are done. Therefore suppose it is ^0 for all j and for both signs. Then for l ^ j < n we have
so Γ/Τ,· e (0, 1} for all j. Hence y = e A for some A <=. N, contradicting our assumption. Without proof we remark that our method does not apply to other fully cyclotornic fields: 
